The Quantum Defect Theory (QUT) i s a method o f u s i n g t h e analyt i c a l l y known p r o p e r t i e s o f e x c i t e d e l e c t r o n s moving i n a pure Coulomb f i e l d t o describe atomic photoabsorption and e l e c t r o n -i o n s c a t t e r i n g processes i n terms o f a few parameters. These parameters may be determined e i t h e r from experimental data o r from ab i n i t i o t h e o r e t i c a l c a l c u l a t i o n s . I n a d d i t i o n , t h e y a r e u s u a l l y n e a r l y independent o f energy i n t h e t h r e s h o l d energy r e g i o n ( i .e., w i t h i n a few eV o f t h e atomic i o n i z a t i o n t h r e s h o l d ) . Thus t h e d e t e r m i n a t i o n o f these parameters a t any s i n g l e energy s u f f i c e s t o p r e d i c t t h e v a r i a t i o n w i t h energy o f numerous atomic p r o p e r t i e s i n t h e t h r e s h o l d energy r e g i o n such as t o t a l and p a r t i a l p h o t o i o n i z a t i o n o r s c a t t e r i n g c r o s s sect i o n s , p h o t o e l e c t r o n asymmetry parameters, d
i s c r e t e 1 i n e s t r e n g t h s , a u t o i o n i z a t i o n p r o f i l e s , e t c . These p r o p e r t i e s a r e o f t e n v e r y s t r o n g l y energy-dependent and d i f f i c u l t t o measure o r t o c a l c u l a t e by o t h e r methods. Yet a l l these phenomena, according t o t h e QUT, depend on o n l y a few e s s e n t i a l parameters which r e p r e s e n t t h e proper i n t e r f a c e between t h e o r y and experiment. The d e t e r m i n a t i o n o f these parameters should thus be t h e goal o f b o t h t h e o r y and experiment r a t h e r than t h e c a l c u l a t i o n o r measurement o f t h e v a r i o u s phenomena dependent on these parameters.
T h i s a r t i c l e aims t o d e s c r i b e t h e essence o f t h e QDT f o r t h e n o n -s p e c i a l i s t .
More e x t e n s i v e surveys o f t h e t h e o r y f o r t h e nons p e c i a l i s t by Seaton1 and Fano2 should be c o n s u l t e d f o r more conip l e t e r e f e r e n c e s t o t h e o r i g i n a l l i t e r a t u r e . Here we s h a l l f i r s t discuss t h e one channel t h e o r y s i n c e i t embodies t h e main c o n t e n t o f t h e general m u l t i c h a n n e l theory. Then we s h a l l sketch t h e mu1 t ichannel t r e a t m e n t o f Lu and Fano and i t s a p p l i c a t i o n s .
In common with the closely related K-matrix theory, the QDT assumes that the configuration space for an excited atomic electron can be divided into two regions: an inner region, Osrsr , where electron correlations are strong and d i f f i c u l t t o treat! and an outer region, r srsw, where the electron-ion interaction potential i s assumed t o b8 purely Coulombic and where the form of the electron wavefunction i s known analytically. The boundary radius r between the two regions i s typically of the order of the atomic ra8ius: one wants r as small as possible so t h a t the electron wavefunction can be knowfl exactly over as great a range of r2r as possible and y e t one wants r large enough so t h a t the approxifiation of a pure Coulomb f i e l d f 8 r r x makes sense. (The inclusion of r m 2 long range potentials f o r k r o has been treated by Bely. ') Consider now the one-channel problem of an excited electron in an a l k a l i atom: the electron sees a Coulomb f i e l d for r l r , where r i s roughly the ionic radius. W e measure the energy E 8f the eacited electron r e l a t i v e t o the ionization threshold and make the change of variables ~= -0 . 5 v -~. The parameter v will thus be our measure of energy. The Schrddinger equation for r l r has two solutions, one regular and one irregular for small valuef! of r:
A general solution of the Schrddinger equation for r>r i s a linear combination of f ( v , r ) and g ( v , r ) with coefficients t o Be determined by application of boundary conditions a t i n f i n i t y and a t ro. The form of t h i s general solution turns out t o be $(v,r) = ~~C f ( v , r ) c o s n p -g(v,r)sinnpl for r x o (2) where N i s a normalization factor which i s determined by the behavior of $(v,?) a t large r. p, on the other hand, i s the r e l a t i v e phase with which the regular and irregular solutions are superposed. I t s value i s determined by the behavior of $(v,r) in the core region, Osrsr , where the effective potential i s non-Coulombic: i.e., p has tRat value which allows the analytically determined $(v,r) given by Eq. S u b s t i t u t i n g Eq. ( 7 ) i n Eq. ( 2 ) gives
Eq. (8) i m p l i e s t h a t ~p i s t h e s c a t t e r i n g phase s h i f t f o r t h e continuum e l e c t r o n a t energies near threshold.
seatong 'lo f i r s t showed t h i s connection, v i a p, between d i s c r e t e energy l e v e l data and s c a t t e r i n g phase s h i f t data. Subsequent work by Seaton and c o l 1 aborators ' used e m p i r i c a l energy l e v e l data t o o b t a i n e l e c t r o n -i o n s c a t t e r i n g phase s h i f t s , and, conversely, ab i n i t i o c a l c u l a t e d phase s h i f t s t o o b t a i n t h e quantum defects. Lu, Fano, and c o l 1 a b o r a t o r s 2 have developed a1 t e r n a t i v e methods, described below, f o r o b t a i n i n g QDT parameters such as u
from e m p i r i c a l energy l e v e l data, and have begun t h e ab i n i t i o c a l c u l a t i o n o f these parameters by t h e K-matrix t h e~r y .~
The t h e o r y described above would be i n v a i n i f u were a r a p i d l y v a r y i n g f u n c t i o n o f energy since then separate c a l c u l a t i o n s would be needed a t each energy. F o r t u n a t e l y p i s a s l o w l y v a r y i n g f u n c t i o n o f energy since i t i s determined from t h e i n n e r core wavef u n c t i o n + (v,r), which except f o r a n o r m a l i z a t i o n f a c t o r i s insens i t i v e t o Emall changes i n t h e e l e c t r o n ' s energy. This i n s e n s i t i v i t y i s due t o t h e e l e c t r o n ' s l a r g e k i n e t i c energy i n t h e i n n e r core region. From Eq. ( 2 ) we can see d i r e c t l y t h a t f o r small r 2 r , + ( v , r ) depends on energy nlainly through t h e normal i z a t i o n f 8 c t o r N s i n c e u i s weakly energy-dependent and so are f ( v , r ) and g(v,r) a? small r ( c f . Eq. ( 1 ) ) . The n o r m a l i z a t i o n f a c t o r Iiv i s determined by t h e asymptotic behavior o f + ( v , r ) and may be very energy-dependent.
The p o i n t o f t h i s discussion thus i s t h a t a t small r a d i i +(v,r)/Nv i s l i k e l y t o be q u i t e i n s e n s i t i v e t o energy i n t h e t h r e sh o l d energy r e g i o n and t h i s i s one reason why t h e p r e d i c t i o n s o f
t h e gDT a r e o f t e n so u n c a n n i l y good.
To show how energy-independent i s t h e form o f + ( v , r ) f o r small r, consider Table I , which presents data f o r t h e n s ( l l n s 7 ) bound wavefunctions o f atomic uranium. " N o t i c e t h a t as t h e o r b i t a l energies increase t h e r e i s a remarkable convergence o f t h e p o s i t i o n s o f t h e f i r s t maxima, f i r s t minima, and the f i r s t two nodes o f t h e radial wavefunctions to energy-independent values. We have also arbitrarily re-normalized each one of the seven radial wavefunctions to unity at the position of its first maximum by dividing Pvs(r) by pns(rM~x1), where rMAXl is the position of the first maximum. This re-normalization should eliminate any energy dependence of the wavefunction ampl i tude arising from the normalization factor. The last column of Table I shows the re-normal ized ampl i tudes at the posi tionsof the first minima of the wavefunctions. Once again, as the orbital energies increase there is a convergence of the re-normalized amplitudes to an energy-independent value. Note that Table I includes only unexcited electron orbitals since these are tabu1 ated in readi ly avai 1 able references. ' l QDT, however, is concerned with excited electron orbitals having energies within a few eV of threshold. Table I shows clearly (cf. the 6s and 7s orbitals) that over a range of a few eV the form of +(v,r) for small r is to an excellent approximation energy-independent or at most very weakly dependent on energy.
Direct applications of the insensitivity of +(v,r)/N upon energy are readily made and serve to indicate the power o? the QDT. Consider the calculation of discrete oscillator strengths for transitions to members of a one-channel series of Rydberg levels. The oscillator strength fn is proportional to the square of the electric dipole matrix element, whose radial part is:
where v=(n-p) and + (r) is the electron's initial state wavefunction, whose range is cornperable to ro. Over the effective range of inte- for discrete ( i e . , negativeY electron energies and that Nv i s independent of energy for positive electron energies (assuming normalization per unit energy). This implies that multiplication of the discrete oscillator strength f by (n-u) will produce a spectrum of oscillator strengths tRat (1 ) varies slowly from one discrete level to another and (2) joins smoothly onto the continuous spectrum of osci 1 1 ator strength. (This "renormal i zation" serves to give the discrete final state wavefunctions continuumtype normalizations so that the oscillator strength i s then continuous across the ionization threshold. ' 2, Fig. 1 illustrates this renormalization procedure for H and Li discrete and continuous oscillator strengths. The area of each rectangle corresponds to the value of the discrete oscillator strength f (n i s labeled s in the figure). The height of each rectangle uquals (n-p)3f . I t i s seen that when plotted in this way the discrete oscilla!!or strength joins smoothly onto the continuous oscillator strength a t threshold. The deviation from constancy near threshold i s due to the residual, weak energy dependence of the radial dipole matrix elements and possibly, in the case of Li, of the quantum defect p. The QDT often takes account of the weak energy dependence of these parameters by expanding them in a power series in energy about their value a t threshold and keeping only the f i r s t two or three terms.13y14
The QDT for the one-channel (a1 kali-like) spectra thus describes the discrete energy spectrum by the quantum defect p, which i s determined by electron-ion interactions in the inner core region, and by the position of the ionization threshold. The electron-ion scattering phase shift near threshold i s equal to mu. In addition, knowledge of the oscillator strength a t a single energy near threshold permits the prediction of a1 1 discrete and continuous oscillator strengths in the threshold energy region.
Consider now the multi-channel case of rare gas photoabsorption spectra. There are five channels, which in jj-coupling are specified as follows:
In Eq. (10) E indicates the excited electron's energy, which may be positive or negative ( i .e., discrete). j j-coup1 ing i s appropriate a t large r , when the ion core and the excited electron are f a r apart. A t such large distances the difference between the two ionization thresholds I and I , , , corresponding to the two levels 31 of the ion dominates the electron-on core interaction. If these five channels were n o t interacting one would expect each one to have a characteristic energy-independent quantum defect, just as though each channel could be considered a one-channel case. In fact, a t short range the electrostatic interaction between the excited electron and the ion core i s dominant and the difference in ionic thresholds pales in significance compared to the excited electron's large kinetic energy. This short range interaction results in what spectroscopists call series perturbations, i.e., quantum defects that vary dramatically along a Rydberg series due to the interaction between nearby 1 eve1 s of different Rydberg series.
The mu1 ti-channel QDT treats the electron-ion interaction in the rare gases thusly: '4 a t large distances r the five excited electron channels are described by the asymptotic coup1 ing appro-priate to the interactions remaining a t large distances, i.e., jj-coupling as in Eq. (10) . These asymptotic channel states are not eigenstates of the electron-ion interaction a t small distances, b u t instead interact. To take a scattering theory point of view, one says that an asymptotic channel state i s scattered, by interactions predominant in the inner core region Osry , into other asymptotic channel states. If we label two such asymfkotic states by i and j , then S. . indicates the appropriate scattering matrix element arising from s l a r t range interactions. This matrix element may be cast in terms of the diagonal representation of S as follows:
Here a labels the five scattering eigenstates of the short range electron-ion interaction. In the rare gases these eigenstates have been found to be fairly close to the LS-coupled states of the ion and the excited electron due to the dominance of electrostatic interactions a t short range. The unitary matrix U., i s the matrix that diagonal izes S. . (J=l ). I t represents the trakformation from the scattering eigeAJtates a to the asymptotic, experimentally observed states i . U., i s thus called the "frame transformation matrix," because i t ttansforms from the strong interaction frame appropriate t o the inner core region t o the weak interaction frame appropriate to the asymptotic region. The parameters ua are the eigenphase shifts of the scattering eigenstates a: i .e., ua i s the phase by which the eigenstate a i s shifted in traversing the inner core region.
In the multi-channel QDT for the rare gases the final state of the excited el ectron-i on core system i s characterized by the ei genphase shifts pa, the ionization thresholds I, and I
, and the frame transformation matrix ui, i t i s posslbfe, as :hzthe onechannel case, to obtain these parameters by ab initio theoretical calculations, as for example by use of the multi-channel R-matrix t h e~r y .~ I t remains for us in this article, however, t o show how these parameters are related to experimental energy level data and thus how these parameters may be determined semi-empirically.
As in the one-channel case, the final state wavefunction for the excited rare gas system may be written analytically in the region r>ro. Since there are two ionic energy levels (i .e., 2P, and 'P, 2 ) we must include the ionic wavefunction explicitly beCause for a &ven excitation energy E there correspond two excited electron energies ci :
Superposing the regular and irregular Coulomb functions in each A. F. Starace, The Quantum Defect Theory Approach channel and summing over the allowed channels gives f o r t h e f i n a l s t a t e wavefunction:
, ,iE ( t h e p h o t o i o n i z a t i o n legion]!'
For example, i n the d i s c r e t e 6nergy r e g i o n qJ must tend toward zero a t l a r g e r. S u b s t i t u t i n g t h e asymptotic forms f o r f and g given by Eq. ( 4 ) i n t o Eq. (13) and r e q u i r i n g the c o e f f i c i e n t s o f t h e exp o n e n t i a l l y i n c r e a s i n g f u n c t i o n s u(vi, r ) t o be zero g i v e s which i n t u r n i m p l i e s t h a t n o n -t r i v i a l s o l u t i o n s f o r A e x i s t o n l y i f a F ( v~/~, vl I 2) det J~~~s i n n ( v~+~, ) 1' 0.
Lu and Fano8 ' l 5 ' 1 have developed t h e r e q u i s i t e procedures f o r determining t h e eigenphases pa and p o r t i o n s o f t h e frame t r a n s f o rmation m a t r i x U. , by f i t t i n g Eq. (15) t o experimental energy l e v e l data. I n t h e p$esent case o f two i o n i c thresholds, t h i s f i t t i n g procedure i s best considered w i t h reference t o t h e two-dimensional Lu-Fano p l o t , 1 6 a1 though t h e procedure i s no means l i m i t e d t o two t h r e s h o l d problems. A t y p i c a l Lu-Fano p l o t i s given i n Fig. 2 f o r Ar Rydberg energy l e v e l s belonging t o t h e f i v e s e r i e s o f Eq. (10). For each experimental term l e v e l E, regardless o f t h e spectroscopic c l a s s i f i c a t i o n o f the l e v e l , the e f f e c t i v e quantum numbers v and vl ,are c a l c u l a t e d from Eq. (12) . Since t h e f u n c t i o n i n ~q . l f f 5 ) i s i n l a r i a n t t o i n t e g e r changes i n t h e values o f vi(i=3/2, 1/2), these a r e o n l y c a l c u l a t e d modulo 1. ( I n t r e a t i n g t h e energy-dependence o f t h e parameters v , and U. , levels f a l l s on the solid curves, which are given by the function in Eq. (15) with appropriately f i t t e d parameters p, and U . This function i s mu1 tival ued, having three horizontal branchesiacorresponding to the three series in Eq. (10) belonging to the P ionic threshold, and two vertical po5tions corresponding to3&e two series in Eq. (10) belonging to the P l ,ionic threshold. Each branch of this function i s seen to be m6notonically increasing and, in fact, the entire function i s continuous in the sense that a t any edge of the unit square i t i s reflected to the opposite edge with the same value. I t can also be shown that:'5s16(1) The five intersections of the solid line with the diagonal line partially drawn in Fig. 2 occur a t the five values of the scattering eigenphases p,; ( 2 ) A t these same five intersections, the slopes of the solid curve give information on the frame transformation matrix U . . In a similar manner, the intensities of the discrete absorption lines, the autoionizing level profiles, and the photoionization cross section a t threshold may be determined in the multi-channel QDT by means of the ? A , , the U., , and five parameters D, , 1sas5, corresponding to the radial electric dipole matrix elements for transitions from the ground state to the five eigenstates $ , . The parameters D, and portions of the U., matrix are determined by f i t t i n g analytic equations for inteasities to available experimental data. In the paper by Lee and L u , 1 4 for example, these parameters were determined by f i t t i n g an experimental autoionization 1 ine profile. The parameters thus determined were then used to predict discrete oscillator strengths. I t i s in this way that the dependence of disparate experimental data, occuring in different energy regions, on a few common, nearly energy-independent parameters i s exploited by the QDT. An essential conceptual aspect of the multichannel theory i s the connection of the asymptotic (observable) states to the strong-i nteracti on scattering eigenstates by means of a frame transformation matrix U . .
In the case of molecule^,^ this transformation i s from t i e body frame of the molecule, appropriate a t short range (where the excited electron closely follows the motion of the molecule), to the laboratory frame, appropriate asymptotically (where the rotational motion of the molecular ion only effects the excited electron's motion through their mutual energy sharing, which depends on the differing rotational energy levels of the molecular ion). In a similar way, negative ion photodetachment has been treated by mu1 tichannel QDT. l 7 So f a r a1 1 b u t one6 of the applications of the QDT by Lu, Fano, and col 1 aborators2 and a1 1 appl i cati ons for complex systems V I ,~ (mod 1) Much development o f t h e theory s t i 11 needs doing. It i s worth doing because t h e focusing o f t h e o r i s t s and experi-m e n t a l i s t s on o b t a i n i n g t h e few s c a t t e r i n g parameters needed f o r any atomic o r molecular system can o n l y l e a d e v e n t u a l l y t o g r e a t e r u n i t y and coherence i n low-energy atomic physics and h o p e f u l l y p e r m i t t h e treatment o f p r e s e n t l y i n t r a c t a b l e problems.
